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The evolution of the Weyl and Maxwell fields in curved space-
times
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Abstract.  The covariant Weyl (spin s = %) and Maxwell (s = 1) equations in certain local
charts (U, @) of a space-time (M, g) are considered. It is shown that the condition g% (z) > 0 Va € U
is necessary and sufficient to rewrite them in a unified manner as evolution equations 0:¢ = L )¢.
Here L) is a linear first order differential operator on the pre-Hilbert space (Cgo(Ut, C2sty (., )),
where Uy C IR? is the image of the coordinate map of the spacelike hypersurface ¢t = const, and
(o, 9) = fUz ¢*Qy d®x with a suitable Hermitian n X n-matrix Q = Q(t,x). The total energy of
the spinor field ¢ with respect to Uy is then simply given by E = (¢, ¢). In this way inequalities for the
energy change rate with respect to time, d¢||¢||?> = 2 Re (¢, L(s)®), are obtained. As an application,
the Kerr-Newman black hole is studied, yielding quantitative estimates for the energy change rate.
These estimates especially confirm the energy conservation of the Weyl field and the well-known

superradiance of electromagnetic waves.

1. Introduction

Energy in general relativity is based on a local concept. It is a weaker notion than one
is used to in special relativity, where total energy and total momentum are considered,
in essence, as integrals of energy-momentum tensor densities over the hypersurfaces
t = const. These integrals yield a 4-vector that transforms by the Lorentz group under
changes of reference frames in Minkowski space-time.

Here we generalize this concept. We suppose a space-time (M, g) with a foliation
{Lier}, I C R, where each leaf L; is a spacelike hypersurface. Just as in special
relativity, we regard the integral £ = thTij NNJd®) g as the total energy with respect
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to Ly at time t € I, where Tj; is the energy-momentum tensor of the considered matter
and N7 the unit normal to L.

For quantitative calculations it is necessary to use coordinates. Thus we restrict our-
selves to a suitable open subset & C M with coordinates (z°,...,23) : U — U C R?,
20 = ct, c the speed of light, where the hypersurfaces {t = const} are £; N\U. One im-
portant result is the fact that a necessary and sufficient criterion for the hypersurfaces

t = const to be spacelike is the positiveness of the metric tensor component ¢,

(1.1) g% (z) >0 for each z € U.

This condition is obviously true in Minkowski space-time, but surprisingly it is also
valid in the whole outer space of a rotating black hole in Boyer-Lindquist coordinates,
especially in the ergosphere (where goo < 0!). In this way, using a chart compatible
with the foliation and obeying the condition ¢g°° > 0, we rewrite the covariant Weyl
and Maxwell equations on M as evolution equations. These equations allow us to
calculate bounds for the rate of change of the energy E during the progress of time ¢,
depending only on the components of the respective differential equations. Whereas
for the flat case one expects energy conservation for test fields, i.e. an isometry of
the evolution for the energy norm (i.e. 9FE /9t = 0), the interactions with a general
gravitational field may result in dissipation, or amplification, of energy. These effects
will be studied quantitatively.

This article is organized as follows: After presenting an important elementary prop-
erty of Newman-Penrose tetrads in section 2, we give some essential implications of
condition (1.1), g% > 0, in section 3. Section 4 collects mathematical properties of
general linear differential operators with matrix-valued coefficients, whereas section 5
provides a physical discussion of the definition of the total energy E of a wave field
with respect to the hypersurface U; = {(a!,22,23)}. Essentially, the contravariant
component 7%, the projection of the energy-momentum tensor T;; on the vector field
X = g% T = T,; XX is the energy density with respect to the hypersurface
Uy, because X7 is everywhere orthogonal to U; by lemma 3.1 below. Besides, T
is in general the only component of T;; that is always positive on Uy; for example,
7 = T]Q(at)j or Ty for the Maxwell field in the ergosphere of the Kerr-Newman
space-time are negative, as is shown in section 7. The unit normal to U; being given
by N7 = X7/,/¢%, we define E = fUtTOO/gOOd(S)w as the total energy of ¢ with re-
spect to the hypersurface U;. Of course, this quantity is hypersurface-dependent. But
paying this price, we gain the possibility of rewriting the Weyl and Maxwell equations
as evolution equations, 0;¢ = L) ¢, where s = % for the Weyl field, and s = 1 for the
Maxwell field, as is done in section 6. The originally covariant equations, once trans-
ported into IR* by the coordinate map, can now be treated as usual linear differential
equations in U C Ry x IR‘E’CE). Here it is standard to calculate changes of the energy E
with respect to time, ;' = 2 Re (¢, L(5)¢), as long as it is a norm square, i.e. E > 0.

We emphasize that the energy change rates are independent of the special definition
of the total energy FE (if only it is positive), because they depend only on the coefficients
of the differential equations. This may be recognized noticing the central inequalities
of this article, (6.10) and (6.21).

Finally, the restriction g°° > 0 is general enough to include such physically important
cases like the outer space of a rotating charged black hole, as considered in section 7,
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or the Robertson-Walker universes, cf. DE VRIES (1994), for which the corresponding
charts are even global (up to a set of measure zero).

To summarize, the criterion g°© > 0 does not only enable us to gain evolution
equations for the Weyl and Maxwell fields, but also guarantees that the total energy
with respect to U is positive. Hence there is a natural construction of a pre-Hilbert
space (C§°(U,€?®),(:,+)) of the spinor functions. In this way standard functional
analytic methods can be applied to general relativity, yielding new quantitative results
in a rather simple manner.

2. Newman-Penrose tetrads

In the sequel we consider space-times (M, g) with a Lorentz metric of signature
—2, e.g. HAWKING and ELLIS (1973). Moreover we use the convention to sum over
indices occuring twice, counting Latin indices from 0 to 3 and Greek ones from 1 to
3, cf. LANDAU and LirscHITZ (1975).

Let be (M, g) a general space-time, and {l,n, m, m} a Newman-Penrose tetrad, i.e.
a collection of two real future directed null vector fields, I and n, and a complex null
vector field m with its complex conjugate m, satisfying the orthonormality relations

ljlj = njnj = mjmj = mjmj =0,
Lind = —m;m? =1,
Lim? = lm! =nym! =n;m! = 0.
We mention the relation
(2.1) g7 =1'nd +n'lV —m'm! —m'm?,
cf. NEwWMAN and PENROSE (1962). Let e(a)j and e(®J for a = 1,2, 3,4 be given by
ey =e@i =1, ey =eMi=nj,

(2.2) | - | o
6(3)J = _6(4)J = mJ7 6(4)3 = —3(3)3 =mJ.

Relating the Ricci rotation coefficients of the Newman-Penrose tetrad,
Yabe = 6(a)ie(b)i;je(c)ja

to the spin coefficients we get the equations

K =311, 0 = Y314, 62%(7211 +7341),
23) 0 = Y313, = Y243, Y= %(7212 + Y342),
A = Y244, T =312, o = (7214 + Y344),
V =242, T = Y241, B = %(7213 +7343),
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e.g. CHANDRASEKHAR (1983) or NEWMAN and PENROSE (1962).

Lemma 2.1. For a Newman-Penrose tetrad it follows
(2.4) V;l! =2Re(e — 0), V;n! =2Re(p—7), Vm! =8—-7+7—a.

P roof By Yia2 +72a1 — V304 — Vaaz = (I'n? +n'l! —m'm/ —m'm? )V e(,); and by
(2.1) we see

(25) Vje(a)] = Y142 t V2a1 — V304 — V4a3,

From the antisymmetry of the Ricci rotation coefficients in the first two indices, yqpe =
—Ybac, (€.g. CHANDRASEKHAR 1983, or LANDAU & LIFscHITZ 1975) it follows vaqp =
0, and hence with € + & = 7211,

E+E—0—0="211 — V314 — V413 = Y111 + V211 — Y314 — V413-

Setting a = 11in (2.5) we receive the first equation in (2.4). Similarly we get v+ = o212
and § — & = 343, i.e. with a = 2 and a = 3 the last two equations in (2.4). a

3. The condition g% > 0

We consider some properties of the components of the metric tensor in a general local
coordinate system of an arbitrary space-time. In the sequel we denote 9; = 9/0z7 for
j=0,1,2/3.

Due to the fundamental relation g;;g/* = §;*

we have
gaﬂgﬁ’y + gOago’Y = 6a’ya

)
) 9059 + 90ag™ = 0,
) 9059”7 + goog™ =1

w w w
W N =

(
(
(
(o, 8,7 = 1,2,3). Especially _
(3.4) Gaig” = 0.
This means geometrically that in every space-time, for each o = 1,2, 3, the two four-
vectors X and 0,, with the components X? = ¢% and 9, = d,", are orthogonal to
each other with respect to the metric g. By (3.2) we have fgaﬂgoﬁ = goag”’, thus
summed over «

0a 00

(3.5) —9089"*9"" = goag"*g".

Lemma 3.1. For each x € M we have the following assertions:
(a) The 3 x 3-matriz (gap(x)) is negative definite if and only if g°°(x) > 0.
(b) If g°°(z) > 0, then either goo(z) = g°*(x) =0, or goa(z)g°*(z) > 0.

Proof. (a) (gap) is negative definite <= span(d;, s, 03) is spacelike
<= X given by X" = g% is timelike <= g(X,X) = gi;9"¢" = ¢ > 0.

(3.4)
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(b) By (a) gap is negative definite. If goog®® # 0, then goag®® > 0 by (3.5); if else
909" = 0, then g% = 0 by (3.5), and hence by (3.2) goo = 0. m]

Lemma 3.2. Let U be connected and (U, p) be a chart, such that g°° > 0 in U, and
let {l, n, m, m} be a Newman-Penrose tetrad. Furthermore let the vector field 9y be
timelike and future directed in a special point x, € U. Then in each point of U

(3.6) 19,n°,1y,no > 0.

P r o o f. Because dp is timelike in z,, we have goo(x,x) > 0. By (2.1) we know
g% = 2(1%° — m®m ), and hence 1°(x,)n°(z,) > 0. But being continuous on the
connected set U, both [° and n° have the same sign and do not change it anywhere.
Now, the vector field X7 = g% is timelike by (3.4) and lemma 3.1, and future directed
in z, by g, (90, X) = goog”® > 0. By definition, ! and n are future directed, hence
9., (X, 1) = ¢%(xz)lj(z,) = 1°(z.) > 0, and analogously n°(z,) > 0. I° and n° do
not change the sign on U, and thus we have in general [°(z),n%(z) > 0 Vo € U.
Because I and n are lightlike, we conclude by the negative definiteness {yl® = —1,1* =
—gaglalﬁ > 0 and non® = —gagnanﬁ > 0. O

4. Linear operators in space-times

For a general space-time (M, g) we consider a timelike future directed vector field
Xon M, g(X,X) > 0. Let Y C M be an open connected subset such that there
exists an onto C'*°-function f: U — I C IR whose gradient is the vector field X divided
by ¢, i.e. edf = g(X,-), (CHOQUET-BRUHAT et al. 1982, pp. 285). By cdf(X) =
g(X,X) > 0, f has no critical points. Thus for ¢t € I the level surfaces £; = {x €
U] f(x) = t} are hypersurfaces of U. They are spacelike, because the gradient of f
is timelike in each point € U. J,c; L: NU is a foliation of ¢/, TONDEUR (1988).
Then we call f(z) the time in x € Y. We mention that f can be extended to a
global function f: M — IR, iff the stable causality condition holds on the space-time
(HAWKING & ELLIS 1973, pp. 198). For each ¢ € I we assume £; NU connected, and
globally parametrized by ¢(z) = (ct,x) = (ct,z', 2%, 23). This means that (U, @) is
a local coordinate system of M. Let now U := @(U) be the image of the coordinate
map, and
(4.1) Ui :={x c R?| (ct,x) € pU)} Vtel.

We have U; = L;NU, as well as | J,;{ct} x Uy = ¢(U). By lemma 3.1 (a) we see that
U; is spacelike, if and only if (1.1) is valid.

For n € IN we consider the pre-Hilbert space (C’g"(Ut, c"),(, >) of the smooth func-
tions ¢ : Uy — €™ with compact support and the scalar product (-,-) : C§° (U, C™) x
C§e (U, €M) — C,

(4.2) (6,0) = /U 5*Qu/Tg] dz.

Here g = detg;j, and Q = Q(t, ) is a Hermitian positive definite n x n-matrix
with C%entries, denoted Q = (¢;j)i j=1,....n- Let furthermore H = H; = L*(Uy)" be
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the completion of C§°(U;, C™) with respect to the norm || - || induced by the scalar
product (-,-), cf. CHERNOFF (1973). We abbreviate for notational convenience

(4.3) d®z = /|g| de.

We denote by I, the n x n identity matrix, and (¢,v);, = fthS*i/J d®z. Notice
<¢J/’> = <¢7 Q¢>In-

Definition 4.1. For functions ¢, : U — C" we define

n

(4.4) {60 (@) = Y (bigigo) (1),

ij=1
where f*(t,x) = max(0,Re f(t,x)) and f~(¢,x) = min(0,Re f(¢,2)) for a function
f:U — C. It follows Re (¢, %) = [({¢, v}+ + {¢p, 0]} ) dPz.

Lemma 4.2. Considert € I as given. Let H = H(t,x) be a diagonalizable complex
n X n-matriz with real eigenvalues Ai,....\, € CO(U,R), and denote Amin(t,z) =
min \; (¢, @) and Apax(t, ) = max \;(¢,x) in each point (t,x) € U. For ¢, € H we
then have the pointwise inequalities
Amin{]¢7 1/)]}4_ + Amax{[¢a w]}_ < Re (¢*QH¢)
< Amin{d, Y+ Amax{e, ¥}

If {6, b= = {&', '} for ¢,0,¢', ¢’ € H, then
(4.6) {6, HYY* = {¢/, HY'}-.

Proof LetS bea unitary matrix such that D := SHS* is diagonal. Defining

n:=Q 1SQ¢, x :== SyY we have n*Qx = ¢*Q¢ and n*QDx = ¢*QH1). Because D is
diagonal with entries \;, we see with Q) = (g;;)s,; that

(4.5)

n n

Re (n*QDx) = Z Aj Z Re (7igi5X;5)-
=1 =1

Hence Re(n*QDx) = >, Aj > (Migizxi) ™t + 225 N 223 (Midijx;)~- By
/\min{[naX]}+ < ZAjZ(ﬁiQinj)+ < Amax{m,X]}Jra
Amax{[naXI}_ < ZAJZ(@QUXJ)_ < )\min{[n7X]}_7

(4.5) is proved. Suppose now {¢, v}t = {¢',¢'}*, and let ' and x’ be given by
#' and 1’ analogously as 1 and y above. Then we have {¢,y[}* — {¢',¢/[* =
S (Miqiix;)* — (ﬁgqijx;-)i =0, thus (;qix;)* — (ﬁgqijx;)i = 0 (no summation!), i.e.
{0, HYYE — o/, HY'FE =50 X ((igiix; ) — (ﬁéqijx;)i) =0. U

As a simple consequence of (4.5) for ¢p = ¢ we have, by {¢, s} = ¢*Q¢ > 0,
(4.7) Amin " Q¢ < Re (¢"QH¢) < Amax 9" Q9.
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Lemma 4.3. Forv € {1,2,3} let M" = M"(t,x) be three Hermitian n X n-matrices,

and let B: C3°(U,C") — C§° (Ui, C™) be the differential operator B = —M"0,.

Then for ¢ € C§°(U,, C") we have (cf. (4.3))
1

Vgl

P roof. We define the vector field Fyy: Uy — IR? with the components F? = ¢*- M- ¢.
The three matrices M" being Hermitian, Fj is real. We consider d® gz as the 3-form
\/Ed:cl A dz? A dz3 on the open subset U; € IR®. For the dual *Fy we then have
dx Fy = 9,(\/Ig|l Fy) da' A da? A da?, e.g. CHOQUET-BRUHAT et al. (1982). By
Stokes’ theorem we have fUtd x« Fy = | aUt*F¢. But the boundary integral vanishes
(supp ¢ CC Uy), and hence with

3, (V191 F2) = Vgl (00" MY ¢ + ¢* M 3,6) + 6*0,(\/]g| M*)

2Re (¢, B), = /U o —— 8, (Vg M*)pdPe.

it follows

d,¢* M” *MY9,0)dPx = — *Lay M) pd® .
/Ut(gf’ b+ 6*M¥0,6)d% /Ut¢>m<¢|? )6d®a

2Re (¢, Bo)r, = — [(Bp*M" ¢ + ¢*M”&,¢)d(3)w completes the proof. o

Lemma 4.4. Let H be a complex Hilbert space, and let A1 and As be two linear
operators with domains D(Ay), D(As) C H such that (¢, A1¢) = (P, A2g) for each
¢ € D(A1) N D(Ay). Then A1¢p = A for each ¢ € D(A;) N D(Az). If moreover
D(A1) N D(A3) is dense in 'H, then A1 = As.

Proof. Define A := A; — Ay with domain D(A) = D(A;1)ND(Asz). Then for ¢ € D(A)
we have (¢, A10) = (P, A29) & (P, Adp) = 0. ¢: D(A) — R defined by ¢(¢) = (¢, Ad)
is a quadratic form on D(A) vanishing identically, ¢(¢) = 0. The sesquilinear form
s: D(A) x D(A) — C, s(¢,¢) = (1, Ap) also vanishes identically by the polarisation
identity, because D(A) is a complex vector space, e.g. WEIDMANN (1976). Hence
(1, Agp) = 0 Vo,1p € D(A). Thus Ap = 0 for ¢ € D(A). If D(A) is dense in H, then
A=0. O

Remark. In the proof it is essential that D(A;) N D(Asg) is a complex vector space,
because in real spaces there do exist linear operators A (“rotations by +77) such
that the associated quadratic form vanishes identically, ¢(¢) = (¢, Ap) = 0, but the
sesquilinear form s(¢, ¥) = (¢, AY) does not.

Theorem 4.5. Let (U, ) be a local chart of a space-time (M, g) satisfying (1.1), and
let be U and U; be given as above, eq. (4.1). Moreover we consider the matriz-valued
Cl-maps M7, Z:U — M(n xn,C), j =0,1,2,3, and assume for each (t,x) € U the
following:
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(i) M°(t,x) is Hermitian with positive eigenvalues, and Amax(t, ) is the mazimal
eigenvalue of the inverse (M°)~1.

(ii) The three matrices (M")(t,x), v = 1,2,3, are Hermitian.

(iil) fmin and pmax are the minimal and mazimal eigenvalue, respectively, of the
n X n-matric
1

NI 3, (Vg M¥) — Z - z*.

Then, for the first order differential operator L: C§°(Uy, C™) — C§° (U, C™),

(4.8) H=Htz) =

(4.9) L=—(M(t,2)) " (M"(t,2)d, + Z(t,x)),
and for ¢ € CS°(Uy, C™) we have

(4.10) 2Re (¢, Lg) = Re(p, (M°) " Hg),

and the inequalities

(4.11) (s Amaxtimin®) < 2Re (¢, Lo) < (6, Amaxthhax®)-

Proof. Let B=—M"8,. Then (B4 B —Z — Z*)¢ = H¢ for ¢ € C3°(Uy, C™) by
lemma 4.3 and 4.4, where B is the formal adjoint of B with respect to (-,-); . Espe-
cially, 2 {6, (B—Z2)0}* = {6, HF*, hence 2 {6, (M®) "1 (B—Z)o}* — {6, (M) He}*
by (4.6), i.e. 2{p, L&}t = {p, (M)~ H@}*, pointwise. Integration yields (4.10). With
(4.7) we see immediately fimin 0*Qd < Re (0*QH @) < fimax $*Q¢. This gives, by (4.5)
and (4.6), and denoting the minimal eigenvalue of (M°)~! by Apin,

(Amin i + Amas i) 0*Q¢ < Re (6*Q(M°) "' Ho)

S ()\min ,U/y;ax + )\max /’Lr—;ax) ¢*Q¢

Because Apin and Apax are positive and g~ <0 < ut (4.11) is proved. O

5. The energy with respect to U,

In general relativity, the energy properties of matter are represented by an energy-
momentum tensor T};. Suppose a spacelike hypersurface ¥ C M, with the unit normal
N7, Then J; = T;; N7 is the covariant energy-momentum vector with respect to X.
This is a 1-form, J = J; dz’. Its dual, a 3-form, is given by

3
xJ = /gl Y (1)1 da® AL A dad AL A da?
5=0
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(CHOQUET-BRUHAT et al., 1982, pp. 316). If the coordinates {2°,...,23} are chosen
such that ¥ = 3(t) = {x € M| 2° = ct} for t € R, then

*J = J%/|g| dz* Ada® Ada® = T)N7/|g| dz' A da® A da®

on ¥, because dz® = 0. Hence we call E = fz *J the total energy with respect to the
hypersurface 3. In general, E is not independent of the hypersurface X. However, if
the N7 is a Killing field, and if only Cauchy surfaces are considered, F is hypersurface-
independent and constant on M(WALD 1984, pp. 284, or HAWKING and ELL1S 1973,
pp. 206).

Let U; be given as in section 4, equation (4.1), and suppose the conditions of lemma
3.2 above. Then we know by lemma 3.1 that the unit timelike future directed vector
field

Ni =Y

gOO

is everywhere orthogonal to the leaf £; = ¢~ *({ct} x U;) C M. Then J; = T;; N7
is the energy-momentum vector density, and 7% /g% = T;; N*N7 is the local energy
density. The total energy E = E(t) with respect to the hypersurface U; is given by

E:/ *J:/ %Tood@)m.
@=1(Uy) U, 9

Here we are interested in the energy of a “test field” ¢, i.e. a wave which responds but
does not influence the background geometry of the space-time. Hence the total energy-
momentum tensor T% is the sum of the unperturbed geometry part T(lg), whatever,

and the wave part T, i.e. T% = T(Zg) + T;j. The total energy of the wave field ¢ is

then given by E = E4 = fUt Tgo/good(g)w.

This point of view can be compared to a possible interpretation of the Fermat
principle in the context of light rays in space-times: In a gravitational field light
propagates as if being in a medium of a certain index of refraction such that the rays
are curved lines. Nonetheless, physical interpretations are not immediate and simple.
E.g., the “speed of light in the medium” is not at all the physical speed measured by
a local observer, cf. STEPHANI (1991), p. 108.

In the special case of an asymptotically flat space-time we have N7 — 9, as r — o0,
and the energy density is asymptotically the one measured by a local observer v with
4 = 0;. Consider a test field ¢ at time ¢ with supp ¢ in a small spacelike neighborhood
of the asymptotic observer (“wave packet”). Then there is no difference between the
total energy measured by the observer and the total energy with respect to U;.

6. Massless spin wave operators

In this section we will see that massless fields with spin s = 5, n € {1,2}, will be
described by an operator

(6.1) Lisy: O (Uy, €T — C5° (U, € 1Y)
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in a chart (U, ¢) with ¢°(z) > 0 Vz € Y. It is well-known that for s = 1 and s = 1
the spin wave equation have a well posed initial value formulation, e.g. WALD (1984),
pp. 375.

6.1. The Weyl operator

Massless spin—% fields in a curved space-time are described by the Weyl equation

(0 +e— )P+ (m!9; + 7 —a)P' = 0,
(m?d; + B —T1)P° + (n70; + p—y)P* = 0,

cf. CHANDRASEKHAR (1983), p. 544, eq. (105, 106). With the five complex matrices

; v oml E—0 T™T— «
1 J = . . 1y =
(62) M(f) <mJ nd ) and Z(f) <ﬂ7’ y,")/)

(j =0,1,2,3) we may write instead

i P
(M3)05 + Z(3) (p1> =0,
or equivalently
(6.3) M3) 006 = —(M3)" 0, + Z(3)) ¢
Especially for the Hermitian matrix M(%)O we can calculate by (2.1)

(6.4) det(M(%)O) =190 — mOm 0 = 1 4%,

(SIS

Now let (U, @) be a chart satisfying (1.1). Then we have M(%)O € GL(2,0), i.e. M(%)O
is invertible. Defining the Weyl operator L1y: C§°(Uy, € %) = O (U, €2,

-1 v
(6.5) Ly = —e(My)") (M)"00 + Z(3))

PO

as well as the spinor functions ¢ € C$°(Uy, C?), ¢ := (P1

) , we may rewrite the

Weyl equation (6.3) in the form
(6.6) O = L1y

The current spinor of the Weyl field is given, in Penrose notation, by J A" — pApA
(A, A" = 0,1), cf. GOVEN (1977), eq. (2.8). By the transformation law J/ =
aAA/jJAA/ with the Infeld-van der Waerden symbols written as matrices, o447 =
M(%)j (CHANDRASEKHAR 1983, pp. 539, or PENROSE & RINDLER 1984, pp. 122), we
see JI = [1POPY 4 mipOpl 4 mi plpY 4 nd PLPY | Hence the energy density in Uy
is JY, i.e. the total energy E with respect to U, is E = (¢, ¢) with Q = Q%M( )0,

1
2
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cf. UNRUH (1974), eq. (2.9). By the relation (I1° — n%)2 + 4m%m 0 = (1° 4+ n%)2 — 2¢%°

we see immediately that the eigenvalues of M 1 )07 hence the ones of ¢%°Q, are

(6.7) Ay = % (10 00 £ /(10 + n0)2 — 2900) .

We notice that they are positive, i.e. Ay > A_ > 0, if and only if (1.1) is valid.
Because now the eigenvalues of (M( 1 )O)_l are exactly 1/A1 we may conclude for the
maximal one

2
(68) )\max

- 10 4 n0— \/(l0+n0)2 —2400°
By lemma 2.1 and equation (6.2) we have VjM(%)j = Z(%)—i—Z(%)*, and thus VjM(%)j =

Laj(\/|g|M(%)j). With B(1y = —M1,"0, and by (4.8) in theorem 4.5 we have

Vlal
1 1 10 30
Hoy=—=0,(VIgI My") = Z1 —Zl*:—80<v|g|( 0 o))
() \/m ( () ) () () \/m mY n
1
If we denote ha = ——— 09(1/|g] €()?), We may write
Vgl
hi hy

and the eigenvalues are i/, = %(hl + hg £ \/(hl + h2)2 — 4(h1he — hghs) ). So, using
theorem 4.5 we can state our final result for the Weyl operator (6.5) in curved space-
times,

(610) c <¢a )‘max Mr;ill(b) S 2 Re <¢7 L(%)¢> S & <¢a )‘max Mr—;ax¢>'

6.2. The Maxwell operator

Maxwell’s equations in curved space-time are expressed in the Newman-Penrose for-
malism by

Vjpr —mI 0o = (m — 2a) o + 20¢1 — K2,
P0jp2 —mI0jd1 = —Ado + 21 + (0 — 2€) o,
m? 01 — 1 0o = (1 — 27) o + 271 — 02,
mI0;¢s — 1 9jp1 = —vo + 2ué1 + (1 — 20)¢2,

with the three complex Maxwell scalars ¢g, @1, P2, e.g. CHANDRASEKHAR (1983),
KRAMER et al. (1980). Subtracting the fourth from the first equation and revers-
ing the sign of the third one we receive the system

(6.11)

n —-mi 0 oo 2y — 1 —27 o b0
—mI U +nd —mI |0l ¢ | =|m—2a+v 200—p) 28—7—k|| M
0 —ml U b2 - 2m 0— 2 ¢2
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With the four Hermitian matrices

n’ —% mJ 0
(6.12) Muy =| —gm 35U +n)) ——ml |
0 —% m? 7

7 =0,1,2,3, and with the notations

=2y V2T Y %o
(6.13) Zoy= |5 Qa-—m—v) pn—0 5 (T-20+k)| 6= v2¢%
A V2 2e — 0 P2

this means (M(l)jaj + Zay)¢ =0, or
(6.14) M(l)oaogb = —(M(l)”&, + Z(l))(b,
cf. (6.3). By (6.12) we have

1
det My)" = 5 (I° +n%)(I"n" = m®m ) = 2 (I +n") ™.

|

Thus in a coordinate chart with ¢°° > 0 we have M(l)o € GL(3,C), and we can
define the Mazwell operator Lyy: Cg°(Uy, C?) — Co(U, €2,

(6.15) Lay = —c(My°) ™ (Mu)” 8, + Za))

and the spinor functions ¢ € C§°(Uy, C?), where ¢ is a column vector as in (6.13).
Hence from Maxwell’s equations we deduce the evolution equation

(6.16) 0 = L(1)o.

From det (Al — M(l)o) =3 (A =n")A =19 =m®mO°) (2 X = (I° + n®)) we calculate
the eigenvalues of M(l)o,

(6.17) M =1(@"+n", Ap =310+ n° £ /(10 +n0)2 —2g%0),

They are positive on &. The maximal eigenvalue of (M(l)o)_l is

2
T 10400 — /(10 n0)2 — 2400

(6 18) )\max

cf. (6.8). By (1.1) we have (I° 4+ n®)? — 2¢%° < (1° 4+ n® — %)2, hence

(6.19) Amax < 2 —
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According to CHANDRASEKHAR (1983), p. 422, (235), the energy-momentum tensor
in the Newman-Penrose formalism is given by 7% = T (¢) = ¢* A" ¢ with

nin’ —/2nlim?) mimJ
Al — - —V2nlmd)  1lpd) 4 mlmd)  —/21(md)
0
mim’ —V210md) 11
For @ := A% /g% the principal minors are Zi?rq‘)o’ Q33 = léFQ 55, det @ = 7r3; ie. @

is positive definite, if and only if (1.1) is valid. Thus the total energy of a Maxwell
spinor ¢ € Cg°(Uy, €*) with respect to Uy is given by

E=E(¢) = ; ¢* Qo dPx

We mention that both Agg and A8 are not positive definite, if goo gets non-positive, as
can be shown easily with the respective principal minors. One might argue that it is
rather unphysical to assume ggp < 0, but this must be strongly rejected: the ergosphere
of a Kerr-Newman black indeed has this property, as will be seen below. Moreover, this
definition arises most naturally considering the Maxwell scalars as the dyad compo-
nents of the 3-dimensional complex bispinors ¢ 4p, e.g. CARMELI (1977), p. 174: T is
exactly the electromagnetic energy-momentum spinor T4a/pp’ = % dAB (5 Ap (PEN-
ROSE & RINDLER 1984, pp. 325), rewritten with the aid of the Infeld-van der Waerden
symbols, analogously to the Weyl case above. In flat Minkowski space-time the energy
density becomes the usual one: Defining the two real 3-vector fields E = (E,, E,, E,)
and B = (B B B ) by ¢O = %(By - E; + I(Ey + Bm))a ¢1 = 72(Ez 1B )’
P2 = (E + By +i(Ey — Bg)), (STEPHANI 1991, p. 167), we see with the Newman-
Penrose tetrad of Minkowski space,

1 ; 1

\—@(1,0,0,1), nJ:lj:ﬁ(Lo,o,A), mﬂ':fmf—(o 1,4,0),

7%

lj :nj =
cf. DE VRIES (1994), that @ = &-I5 and thus

do
5Qo= o (602 1,52) (V2 | = (B2 + BY)
T s 8

This is the usual energy density of the (E,B)-field, e.g. LANDAU and L1FSCHITZ (1975).
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With lemma 2.1, H(1y = (hag)a,p=1,2,3 in (20) is, analogously to H(%) above, given by

1
hi1 = 2Re — — 0 TLO7
1 ot N o (V191 1)
= —|\V—-—T7T— m°
hiy = 7 ( 08— \/m |91 ))
h13 :U_)\7
(6.20) 1 0
has = Re(e+0—p—7) — 2\/1@30(\/?“1 +n?)),
h23 - \/—(ﬂ""a_"lﬂ- \/m ))
hss = —2Ree — \/ﬁ (V191 1%.

Thus 2Re(¢, Le) =c{¢, (M°) L H 1)) for a Maxwell spinor ¢ € C§°(Uy, C?), and with
Pmin and fimax the minimal and maximal eigenvalues of H(;) and Apax the maximal
one of (M%)~ as given by (6.18), we conclude

(6.21) ¢ (@, Amax N;lin¢> < 2Re<¢,L(1)¢> < ¢{d, Amax lu’$ax¢>'

7. The Kerr-Newman space-time

Let (M, g), M = R x IR*\{0}, be the Kerr-Newman space-time in Boyer-Lindquist
coordinates (ct,r,6,¢) € IR x (0,00) x (0,7) x (0,27). The contravariant components
of the metric tensor are given in each point by the matrix

2Mr — Q?)a
— 0 0 —_—
pPA A pPPA
N 0 -—— 0 0
g7 = PP 1
0 0 —— 0
pp
(2Mr — Q?)a 0 0 A —a%sin? 6
PPA ppAsin? 6
with the functions
A=A(r)=r*-2Mr+a®+ Q?, p=p(r,0) =r+iacosb,

7.1
= ¥ =%(r,0) = pp(r? + a?) + (2Mr — Q?)a?sin? §

and the constants M, a,@ € IR, M > 0, satisfying the condition

(7.2) a’ +Q* < M
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M specifies the mass, a the rotation, and @) the charge of the Kerr-Newman space-time,
describing a black hole as long as (7.2) holds. Consider the Kinnersley tetrad

. 1 1
V= r’+a?, A,0,a), li=——(A, —pp,0,—aAsin? 0),
\@A( ) i \@A( pp )
. 1 1
7.3 nl = (r*+a%,—A,0,a), nj=——(A, pp,0,—aAsin? ),
(7.3) V2pp T V205
) 1 i 1
mi = —(iasin®, 0,1, —), m; = — (iasin 6, 0, —pp, —i(r*+a?) sin 0),
\/ﬁp( g M \/ﬁp( pp, —i(r*+a”) sin0)

cf. KALNINS & WILLIAMS (1990). In this tetrad the spin coefficients are given by

e=rk=0c=v=A=0,
1

3 cotd iasin @ iasin @
= ) -~ T=———"7="7) T = 7=
(7.4) 2v/2p 25 V2pp V2p?
A ~ r—M
=== a=m-0, y=p+ —.
V2pp? V2pp

Ifro =M=+ +/M?— a2 — Q? are the two zeroes of A, the hypersurface r = r is the

event horizon, and r =71, = M + \/M2 — Q2 — a? cos? 0 the ergo horizon of the black
hole. Notice r, > ry > 0 with (7.2). Further let

U={(ct,r,0,p) € R x (ry,o00) x S?}.

Then the outer space of the black hole is the pre-image Y C M of U under the
coordinate map x +— (ct,r,0,¢). We easily see pp > 0, A > 0 for r > r, thus

0 < ppA = pp(r® + a®) — (2Mr — Q*)pp < 3.
Hence we have, with g°0 = $/ppA,
(7.5) g"(z) > 1 Ve elU.

Thus U satisfies condition (1.1). Uy = {(r,0,¢)]| (ct,r,0,p) € U} with fixed t € R
is a connected open subset of IR®, as in (4.1). The chart domain of Uy, the leaf
L, = @ 1(U,), is a partial Cauchy surface of M, cf. HAWKING & ELLIS (1973).

Because of the stationarity of the Kerr-Newman space-time we have by (6.9) H, (1) =
0, and thus we conclude for the Weyl operator L1 (6.5) by (6.10),

cf. DE VRIES (1994). More complicated is the calculation of the energy norm for the
Maxwell operator. Checking up (r% + a?)(pp + A)/S < 2(r? 4+ a?)pp/X < 2, we find
with (7.1) and (7.3) (1° +n®)/¢g°° < /2, i.e. by (6.19)

(7.7) Amax < 2V/2.
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Because of
r rA 1 rA
Rep=———, Repp=————, Revz(r—M—_),
V2pp V2p2p? V2pp pp
we have by (6.20)
(7.8) hog = —

2r(pp — A) — Mpp
\/ipzﬁ 2 ’
We see immediately hy3 = hsz = 0. Because of hys = —(7 + 7)/v/2 we have

P e

iasin@ <1 1) iarsin@

hio =
2 2p p?p

)

and similarly hog = \/?7?, i.e.
ia sin 0
has = _T
With the ansatz ¢y, = fi(r,0) ™)k =0,1,2, w € (0,00), m € Z, and noticing
nl = %(1, —1,0,0) +O(r=1)-terms, m? = O(r=1), 2y —pu=O(r= 1), 7 = O(r=2) and
o = 0, we recognize the third one of Maxwell’s equations (6.11) to be, up to O(r—1)-
terms, 0,00 ~ cOr¢o, i.e. O,fy ~ iw/cfo. Thus we have ¢y — const el(w(t+r/c)+me)
as 7 — o00. Therefore ¢y represents an incoming wave. So, considering scattering
processes of electromagnetic waves measured in the asymptotic flat region r — oo far
away from the black hole, we may neglect the energy rate evolution of ¢q in so far, as

it does not interact with ¢ and ¢o. Therefore we may set h1; = 0, hence by (6.20)

0 hy 0
Hay= 1| hi2 haa hos
0 hey O

We achieve by det(Al3 — H(1)) = A(A? — hooA — (|h12|? + |ho3|?)) the three eigenvalues
A=0, A= p4, A = pu_ where

1 1 2 g2sin?6 72
(7.9) /Hz—2h22i\/<2h22) +W(l+§>.

Now we try to estimate hos. First we see pp — A =2 Mr — a®sin? 0 — Q?, i.e.
2r(pp — A) — Mpp = 3Mr? — 2Q*r — a*(2rsin® 6 + M cos? ).

With r > M it follows —2a%r < —a?(2r sin® 6 + M cos? ) < —a®M, therefore

(7.10)  3M7r? —2Q%*r — 2a*r < 2r(pp — A) — Mpp < 3Mr? — 2Q%r — a® M.

By (7.2) we have rM (3r — 2M) = 3Mr? — 2M?r < 3Mr? — 2Q?*r — 2a’r, hence we
get from (7.10) and (7.8)

3Mr? —2Q% — a’M
\/§p2,52

_rM(3r—2M)

(7.11) NoTT

< hoy < <0.
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We notice that for M > 0 necessarily hoo < 0, and that hoy = 0, iff M = 0. We
conclude from (7.9) u— <0 < py, and thus by (6.21) and (7.7)

(7.12) 2V2¢ (¢, u—¢) < 2Re(¢, L(1)p) < 2V2¢ (¢, 11 9).

Corollary 7.1. Let L(yy be the Mazwell operator (6.15) in the Kerr-Newman space-

time. Then we have the estimate

4c |a|
"

11

(7.13) ~ 7 (3M -+ 21l) ol < 2Re(o, Lyo) <

P roof Because pp+ 12 = 2r? + a?cos? < 212 + 2a® cos? § = 2pp, and by the
elementary inequality p? + ¢ < (|p| +|q|)? for any real numbers p, ¢, we may estimate
the root term in (7.9) /= < V2 |a|sinf/pp — haa/2 with (7.11). This means

0< < \/é\a|81_n9’
pp

and hay — /2 |a|sin®/pp < i < hao, or

V2
(7.14) - (

3Mr? —2Q%r —a’M
2pp

rM(3r —2M)
\@p%z

+ |a|sin9) <p_ < —

By 1 <r? < pp and (2Q*r + a*M)/pp — 0 for r — co we have

V2 a
7'+ r+
(7.12) completes the proof. O

8. Conclusion

We notice that the upper bound of the energy change rate in (7.13) is positive in
the rotating case, i.e. if a # 0. Thus an electromagnetic wave in the outer space of a
Kerr-Newman black hole may gain energy. Hence our result provides an affirmation
and even a quantitative control of the superradiance in the Kerr case @ = 0, first
observed by TEUKOLSKY (1973) and STAROBINSKII and CHURILOV (1973), after the
pioneering works of ZEL'DOVICH (1972) and MISNER (1972). In the contrary, (7.6)
shows that a Weyl neutrino field preserves energy, cf. UNRUH (1974). However, in
this context superradiance has been shown with the aid of the vector field 9, in Kerr
space-time that is Killing everywhere, but gets spacelike in the ergosphere, whereas
our considerations are based on the unit normal of the hypersurfaces {dt = 0} that is
everywhere timelike and asymptotically Killing.

The methods developed here are also easily applicable to the context of the massive
Dirac equation, as is done in (DE VRIES 1994). They might extend naturally to the
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case of massless spin-s waves with s > 1. So they may eventually open a door for
analyzing interactions of curved space-times and spin, which lead in the context of
a rotating black hole to a “filtering process” amplifying spin-n waves, and ignoring
spin-§ waves (n € IN), cf. CHANDRASEKHAR (1983).

Moreover the quantitative limits in eq. (7.6) for the rate of change of energy of
electromagnetic fields in the outer space of a Kerr-Newman black hole may be used
to estimate bounds for the mass of all black holes in the observable universe with aid
of the cosmic background radiation anisotropy measurements of the COBE satellite,
cf. (DE VRIES et al. 1995).
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