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1 Introduction

This paper is a short introduction to one of the three cor-
nerstones of the theory of portfolio choice and asset pric-
ing in multiperiod settings under uncertainty, which are
arbitrage, optimality of the agents’ utilities, andmarket
equilibrium. These three notions form the basic con-
straints of asset pricing. The most important unifying
principle is that any of these constraints implies certain
“state prices,” meaning positive discount factors, one for
each time and each state. With them the price of any se-
curity turns out to be merely the state-price weighted sum
of its future payoffs. This idea can be traced back to Ken-
neth Arrow’s invention of the general equilibrium model
of security markets in 1953.

So far, the theory covers three models which differ in
their settings with respect to the time evolution, the fi-
nite multiperiod model, the dicrete infinite-horizon set-
ting, and the Black-Scholes model. They are related ac-
cording to the following graphic:

discrete time continuous time

finite
time

horizon

multiperiod
model

Black-Scholes
model

infinite
time

horizon

infinite-horizon
setting

The glamorous star among these theories surely is the
Black-Scholes model. Introduced in 1973 with the option
pricing formula by Fisher Black and Myrton Scholes, and
proved in the same year by Robert Merton to hold on mar-
kets without arbitrage, it developed to a general derivative
pricing theory. Roughly, it says that the security markets
are in equilibrium without arbitrage, and the market prices
evolve as continuous-time random processes superposed
by a “white noise,” a Brownian motion. As a great ad-
vantage, the mighty theoretical physics machinery called
“Feynman-Kac formula” can be applied. For details see
[3, 7, 8].

However, so far there does not exist an extension to
an infinite horizon setting. Although the Black-Scholes

model fits extraordinarily well to the pricing of deriva-
tives (and also other securities such as bonds or credits)
with definitive maturity dates, the potentially unlimited
life of stocks may need the infinite horizon setting to be
completely understood.

So in this paper we pay our attention to the discrete
time models. There are several reasons not to underesti-
mate them. For instance, in practice one measures market
data at isolated points of time, such as daily quotations
or weekly time series. In addition, numerical simulations
such as Monte Carlo methods are inherently discrete.

Moreover, there are tendencies to apply game theory to
the theory of markets, supposing each market participant
as a player with individual strategies and utilities. In game
theory [4], however, the moves made by the players only
take place on discrete time dates.

The basic approach to the multiperiod model goes back
to Kenneth Arrow in 1953, the final state-price implica-
tions were first mentioned by S. Ross in 1978. The results
for the infinite-horizon setting are based on considerations
of Darrel Duffie in his textbook [3].

2 What is arbitrage?

Arbitrage is “speculation” without risk.1 In its simplest
form in the theory of portfolio choice and asset pricing,
it means taking simultaneous positions in different assets
so that one is guaranteed a riskless profit higher than the
riskless return, such as given by bonds like the US Trea-
sury bills. If such profits exist, we say that there is an
arbitrage, or anarbitrage opportunity.

Consider a stock that is traded on both the New York
Stock Exchange and the London Stock Exchange. Sup-
pose the stock price is $172 in New York and£100 in Lon-
don at a time when the exchange rate is $1.75 per pound.
An arbitrageur could simultanuously buy 100 shares in
New York and sell them in London to obtain a risk-free
profit of

100· (£100·1.75$/£−$172)= $300

in the absence of transaction costs, cf. [6].

1Etymologically,arbitragederives from the French word forregula-
tion, whose root is Latinarbitrare – to decide, to judge
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To anticipate the notation below, the arbitrage portfolio
θ in the market

S=

(

SNY

SLon

)

is given byθ = (−n, n), with n = 100 say, and the cor-
responding payoffδ θ = θ ·S = n(SLon − SNY) = $3n.
Henceδ θ > 0, the portfolio yields “something for noth-
ing.”

New York London

Stock A

$172

�
�

�
�

�
�

�
�

�)

buy

sell Stock A
£100

($175)

Figure 1:Arbitrage opportunity at exchange rate 1.75$/£.

In practice, of course, there are many arbitrage opportu-
nities. This, however, does not reduce the general interest
in arbitrage-free prices. In fact, they have enormous theo-
retical relevance, for the most important conclusions con-
cerning the evolution of markets can only be made under
the condition of non-arbitrage.

Arbitrage opportunities cannot last for long. As arbi-
trageurs in our example above buy the stock in New York,
the forces of supply and demand will cause the dollar
price of the stock to rise. Similarly, as they sell the stock
in London, the sterling price of the stock will be driven
down. Very quickly, the two prices will become equiva-
lent at the current exchange rate.

The very existence of arbitrageurs means that in prac-
tice only very small arbitrage opportunities are observed
in the prices that are quoted in financial markets. Ar-
bitrageurs are “information catalysators,” they make the
market prices a reflected image of the available informa-
tion.

2.1 The concept of fair prices

The notion of arbitrage is used to obtain a practical defi-
nition of a “fair price” or a “present value” for a financial
asset. The price of a security isfair, or the security is
correctly priced, if there are no arbitrage opportunities at
those prices. Such arbitrage-free asset prices will be uti-
lized as benchmarks, deviations from which indicate op-
portunities for excess profits.

Assume two discrete timest = 0 andt = T at which
trades can be made. Suppose moreover a financial market
consisting solely of . . .

1. a risk-free bondβ such as a Treasury Bill whose re-
turn until next period is 1+ r;

2. an underlying asset, e.g., a stockS;

3. a call option on the underlying asset, with premium
C and a strike priceK, which expires next period.
(The call option gives its holder the right, but not the
obligation, to payK for the stock, with divident, after
the state is revealed.)

The market is represented by the vector

S(t) =





β (t)
S(t)
C(t)



.

To keep things simple we assume a world (at least that part
of it which influences the financial market) in which there
are only two stateω− andω+ possible. They occur with
probabilityp− andp+, respectively. This means thatp =
(p−, p+) is a probability vector wherep− + p+ = 1. The
market pricesE0[S(T)] expectedat timet = 0 (“now”) for
the futuret = T, denoted by, then are given as

E0[S(T)] =





(1+ r)β (0) (1+ r)β (0)
S− S+

(S−−K)+ (S+−K)+



·

(

p−
p+

)

. (1)

Here S± = S(T,ω±), andx+ := max(x,0) for any real
numberx. Notice that the payoff of the bond is the same
in each state of the world, because it is riskless. The stock
price S(T), however, may assume the valuesS− or S+,
depending on the states of the worldω±.

Definingψ0 = (1 + r) and the vector~ψ = ψ0p, we see
that

β (0) =
1

ψ0
E0[β (T)]. (2)

Thusβ (0) denotes the present value of the bond andψ0 is
the discounting factor for the period[0,T]. It is called the
“state price deflator” at timet = 0. Furthermore,ψ± =
ψ0p± are the “state prices” for each possible event. The
arbitrage theorem below will tell us that the financial mar-
ket is arbitrage-free if and only if

S(0) =
1

ψ0
E0[S(T)]. (3)

If the securitySpays 1 currency unit (cu) in stateω−, and
0 cu in stateω+, thenS− = ψ−: The investors are willing
to pay ψ− for an “insurance policy” that offers 1 cu in
stateω− and nothing in stateω+. Similarly, ψ+ indicates
how much investors would like to pay for an “insurance
policy” that pays 1 cu in stateω+ and nothing in stateω−.
Clearly, by spendingψ0 = ψ− + ψ2 one can guarantee
1 unit of account in the future, regardless of which state
is realized. This explains the interpretation ofψi as state
prices.

There are the following important utilizations of
arbitrage-free prices:
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1. as benchmarks for determining market prices for new
derivative products;

2. as benchmark prices for risk management “worst
case scenario” simulations;

3. to “mark to market” the assets held in portfolios, i.e.
to calculate the current market value of a non-liquid
asset for which no trades have been observed lately;

4. as benchmark prices to be compared with observed
actual trading prices; significant differences between
observed and arbitrage-free values might indicate ex-
cess profit opportunities.

3 Probability theoretic setting

We investigate arbitrage and state prices in an abstract dis-
crete infinite-horizon setting. For details I refer to the in-
troduction [3], for an overview to the notions of probabil-
ity theory see [1, 2, 8].

SupposeΩ to be the set of thestates of the world, F

a σ -algebra ofΩ, andP a probability measureP: F →
[0,1], such that(Ω,F ,P) is a probability space.

Time will be represented by the variablet. We will
suppose a discrete time model wheret only obtains the (at
most countably many) valuest0, t1, . . . , t j , t j+1, . . . . We
defineT = {t0, t1, . . .} as the time set.

For each datet ∈ T , we construct a subalgebraFt ⊂
F of F , such that thefiltration F := {Ft0, Ft1, Ft2, . . .}
is afiltration. Hence at each time datet, Ft denotes the
set ofmeasureable (“observable”) statesat timet. At t
a measureable state isknown to be true or false. Thus
Ft assigns theinformation available at time t.Being a
filtration,Fs⊂ Ft whenevers≦ t. That means an infinite
memory, such thatpaststates are never forgotten. At the
starting timet = t0 there is no information, soP(A) = 0 or
1 for every macrostateA in Ft0. In this way the filtration
F represents the way how information is revealed through
time.

The measurable states inFt represent the questions
that can be asked at timet. In a filtration the number of
askable questions permanently increases. The potential
knowledgegets finer and finer as time passes by.

LetL be the space of possible prices for each state of the
world, given by the Hilbert space2 L2(Ω,F ,P) of real-
valued square-integrable functions onΩ,

L = L2(Ω,F ,P) (4)

whereL2(Ω,F ,P) = { f : Ω → R :
∫

Ω | f (ω)|2 dP(ω) <
∞}. L then is a separable real Hilbert space. It has the
inner product〈·|·〉: L×L → R,

〈 f |g〉 =

∫

Ω
f (ω)g(ω)dP(ω) = E[ f g],

2For a definition a Hilbert space, see [10]

whereE[X] denotes the expectation of a random variable
X ∈ L.

If, e.g., the world can achieve onlyk discrete states,Ω
= {ω1, . . . ,ωk}, thenL∼= R

k. We then callΩ also ak-fold
alternative.

An n-dimensionalstochastic process Xis a time-
dependent random variable inR

n. More accurately, a pro-
cessX with time setT and probability space(Ω,F ,P) is
a familyX = X(t, ·)t∈T ∈ L of random variables

X(t, ·) : Ω → R
n (t ∈ T ). (5)

The image set is called configuration space. For details
see [5]§2. An n-dimensionaladapted process(with re-
spect toF) is a familyX = {X(t0), X(t1), X(t2), . . .} such
that, for eacht, X(t) is ann-dimensionalFt -measurable
random variable with respect to(Ω, Ft , P). Informally
this means: At timet the stateω and thus the vector
X(t,ω) is known. We denote the set ofn-dimensional
adapted processes byVn.

For s, t ∈ T and an adapted processX: T × Ω → R
n

we let

Et [X(s)] := E[X(s)|Ft ] (6)

denote the conditional expectation ofX(s) given the infor-
mationFt . We note thatEt [X(s)] = X(s) (almost surely)
if s ≦ t. (This is a consequence of the fact thatX(s) is
Ft -measurable for anys≦ t, see [2]§15, eq. (15.7).) If
X moreover is amartingale, then by definitionEt [X(s)] =
X(t) if s> t. For a martingale we thus have shortly

Et [X(s)] =

{

X(s) if s≦ t,
X(t) if s> t.

(7)

In the sequel we will restrict ourselves to the setLn of
mean-summablen-dimensional adapted processes given
by

Ln :=
{

X ∈ Vn : E
[

∑
t∈T

X2(t)
]

< ∞
}

. (8)

We will denote especiallyL = L1. By construction,
at any timet ∈ T a processX ∈ Ln is in Ln. Because
E[∑t |X(t)|] < ∞, by Fubini’s theorem we can reverse the
order of the expectation and the time integral,E[∑t X(t)]
= ∑t E[X(t)], cf. [3] §C. Hence,Ln ⊂ L2(T ×Ω,Rn).

With the inner product(· | ·)n: Ln×Ln → R given by

(

X |Y
)

n := E
[

∑
t∈T

X(t) ·Y(t)
]

, (9)

we see thatLn is a Hilbert space. It is isomorphic to the
classical sequence spacel2, Ln

∼= l2, [10] §2.
What about the inner product (9)? We note so far that

the square ofX2 of a process is determined by all its future
expectations. What else are prices?
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4 Arbitrage and state prices

Financial markets. We define afinancial marketcon-
sisting ofn assets — such as options, futures, forwards,
stocks, or bonds — to be the pair(δ ,S) of two n-
dimensional adapted processesS, δ ∈ Ln. HereS(t) =
(S1(t), . . . , Sn(t)), where fori = 1, . . . ,n eachSi denotes
the i-th security price process, so thatSi(t,ω) is the price
of the i-th securityex dividendat time t and in stateω .
Additionally, security numberi is a claim to adivident
δi(t,ω) denoting the divident paid by the security at time
t in stateω . (That is, at each timet the security pays its
dividentδi(t) and is then available for trade at priceSi(t).)
We assume that thedivident process, δ = (δ1, . . . , δn) is
adapted,δ ∈ Ln. Hence for each timet ∈ T and state of
the worldω ∈ Ω the vectors of asset pricesS(t,ω) and of
dividendsδ are given by

S(t,ω) =







S1(t,ω)
...

Sn(t,ω)






, δ (t,ω) =







δ1(t,ω)
...

δn(t,ω)






. (10)

Thecum-dividentsecurity price is detemined byS(t j) +
δ (t j). Theadded market price processat timet j is

D(t j) = S(t j)+ δ (t j)−S(t j−1) (11)

whereS(t−1) := 0, as well asδ (t0) = 0. In other words we
haveD(t0) = S(t0). In [3] thegain process G(t) is defined
as

G(t j) = S(t j)+
j

∑
l=0

δ (tl ) =
j

∑
l=0

D(tl ). (12)

Trading strategies. A trading strategyis ann-dimen-
sional adapted processθ ∈ Ln such that for any financial
marketSthe productθ ·Sis an adapted process,θ ·S∈L .
Hereθ (t,ω) = (θ1(t,ω), . . . , θn(t,ω)) ∈ R

n represents
theportfolio held after trading at timet and in stateω . Let
Θ ⊂ Ln denote the given set of possible trading strategies.
Themarket value process Vθ of the trading strategy is the
adapted process

Vθ (t) = θ (t) ·S(t). (13)

By constructionVθ ∈ L . Thepayoff processδ θ gener-
atedby the trading strategyθ , for t j ≧ t0, is defined by

δ θ (t j) = θ (t j−1) · [S(t j)+ δ (t j)]−Vθ (t j), (14)

with “θ (t−1)” taken to be zero by convention. By con-
struction, forθ ∈ Θ we have thatδ θ is a one-dimensional
adapted processδ θ ∈ L . Especially, for eacht ∈ T we

haveδ θ (t) ∈ L. For future purposes we note that

∞

∑
l= j

δ θ (tl ) =
∞

∑
l= j

[θ (tl−1)−θ (tl)]S(tl )

+
∞

∑
l= j

θ (tl−1)δ (tl )

= θ (t j−1)S(t j)+
∞

∑
l= j

θ (tl )[S(tl )−S(tl−1)]

+
∞

∑
l= j

θ (tl−1)δ (tl )

= θ (t j−1)S(t j)+
∞

∑
l= j

θ (tl )D(tl ).

Especially for j = 0 we have withθ (t−1) = 0 that
∑∞

l=0 δ θ (tl ) = ∑∞
l=0 θ (tl )D(tl ), i.e.

Et j

[ ∞

∑
l= j+1

δ θ (tl )
]

= Et j

[ ∞

∑
l= j+1

θ (tl )D(tl )
]

. (15)

Example 4.1 Let bes, T ∈ T . Consider the simple trad-
ing strategy of buying asset numberi at time t = s and
selling it at timeT, i.e.θl (t) = 0 for l 6= i and for eacht ∈
T , as well asθi(t) = 1 for t < T andθi(t) = 0 for t ≦ s
and fort ≧ T. Then the payoff processδ θ generated by
the trading strategy is given simply by

δ θ (t) =















−Si(s) if t = s,
δi(t) if s< t < T
Si(T) if t = T
0 else.

(16)

State-price deflators. Let L+ = {ψ ∈ L : ψ(t,ω) ≧

0 ∀(t,ω)} denote the cone of non-negative adapted pro-
cesses inL .3 The “interior” L ◦

+ of the cone,

L
◦

+ := {ψ ∈ L : ψ(t,ω) > 0 ∀(t,ω)} (17)

is called the set ofdeflators. (“L+ \ ∂L+” – but what
topology?) Thus a deflator is a strictly positive one-
dimensional adapted process. A deflatorψ is astate-price
deflatorfor the divident-price pair(δ ,S), if for all t j ∈ T

and every stateω of the world,

S(t j ,ω) =
1

ψ(t j ,ω)
Et j

[ ∞

∑
l= j+1

ψ(tl ) ·D(tl )
]

. (18)

Note that this is a vector-valued equation. With (15) we
see that a deflatorψ is a state-price deflator if and only if
for any trading strategyθ

Vθ (t j ,ω) =
1

ψ(t j ,ω)
Et j

[ ∞

∑
l= j+1

ψ(tl ) ·δ θ (tl )
]

. (19)

3A coneis a subsetC of a linear space with the property that for every
ψ ∈ C and every positive constantλ we have alsoλψ ∈ C.
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This means roughly that the market valueVθ = θ ·Sof a
trading strategy is, at any time, the state-price discounted
expected future payoffs generated by the strategy.

For a finite horizon settingL T
n := {X ∈ Ln : X(t) = 0

for t > T}, the right-hand side of (19) vanishes, and so
S(T) = 0.

Arbitrage. For any strategiesθ , θ ′ ∈ Θ and scalarsa,
b ∈ R, we haveaδ θ + bδ θ ′

= δ aθ+bθ ′
. Thus themar-

keted subspaceM = span(δ θ : θ ∈ Θ) of divident pro-
cesses generated by trading strategiesΘ is a linear sub-
space of the Hilbert spaceL of mean-summable adapted
processes,M ⊂ L .

Given a divident-price pair(δ ,S) for n securities, a
trading strategyθ is anarbitrage if δ θ > 0. This means
P
(

δ θ (t) > 0
)

> 0 for at least one timet, andδ θ (t) ≧ 0
for all t ∈ T .

Geometrically the arbitrage condition means the fol-
lowing: Both the cone of non-negative processesL+ and
the marketed subspaceM are closed convex subsets of
L . Hence there is no arbitrage if and only ifL+ ∩ M =

L

L+

M

0

Figure 2:The marketed subspaceM and the deflator coneL+.

{0}, see figure 2. In this way the deflator coneL+ may
also be called the “cone of arbitrage.”

Arbitrage Theorem. The financial market(δ ,S) ad-
mits no arbitrage if and only if there is a state-price defla-
tor for (δ ,S).

Proof. With the Separating Hyperplane Theorem [9],
for two closed convex subsetsL+ andM with L+∩M

= {0} there exists a linear functionalf : L → R with
f (Y) < f (X) for all Y ∈ M andX ∈ L+, X 6= 0. Since
M is a linear space, this impliesf (M ) = 0, andf (X) > 0
for all nonzeroX ∈ L+.

According to the Riesz representation theorem [9]
§II.2, for each linear functionalf : L → R there exists
a unique vectorψ ∈L , called the Riesz representation of
f , such thatf (X) = (ψ |X) for all X ∈ L , i.e.

f (X) = E
[ ∞

∑
l=0

ψ(tl )X(tl )
]

, ∀X ∈ L . (20)

Since f is positive,ψ is a deflator.
First, if a state-price deflator exists, equation (19) yields

f (δ θ ) = ψ(t−1)Vθ (t−1) = 0. So let us consider the “only
if”-direction. We haveE[∑t ψ(t)δ θ (t)] = 0 for any trad-
ing strategyθ , for δ θ ∈ M . Especially for thei-th secu-
rity with i ∈ {1, . . . , n} the trading strategy in example
4.1 we have with (16)

E
[

ψ(τ)Si(τ)+ ∑
t0<t<τ

ψ(t)δi(t)−ψ(t0)Si(t0)
]

= 0.

The “deflated gain process” of thei-th securityGψ
i (t) =

ψ(t)Si(t) + ∑t
s>t0 ψ(s)δi(s) thus is a martingale, since

E[Gψ
i (τ)] = ψ(t0)Si(t0), andτ is arbitrary. This implies

thatEt [G
ψ
i (s)] = ψ(t)Si(t) for anys> t. Because this is

valid for anyi = 1, . . . ,n, equation (19) is satisfied, and
ψ is a state-price deflator. �

5 Discussion

The arbitrage theorem tells us two things:
(i) Evidently, in case of non-arbitrage theexpectation

of future prices determines theactual market prices. In
other words, actual prices express future expectations.

(ii) The actual market prices in turn determine the fu-
ture market expectations. (However, they do not yield the
precise probability distributions.)

In the discrete finite time setting,T = [0,T], (the “ba-
sic multiperiod model”) it can be shown that there exists
no arbitrage if and only if there is an “equivalent” mar-
tingale measure. Two probability measuresp andq are
called equivalent ifp and q assign zero probabilities to
the same states or events:p(x) = 0 ⇐⇒ q(x), x∈F , see
[3] §2G.

This version of the arbitrage theorem builds the bridge
to the continuous time setting, the “Black-Scholes mar-
ket”, where Brownian motion influences the market prices
as a white noise. With some mild and technical restric-
tions there is no arbitrage in a Black-Scholes market, if
and only if there exist an equivalent martingale measure.

Open questions that remain:
(i) How can the phenomenon of emerging and vanish-

ing securities over an infinite time horizon can be tackled?
(ii) Is there a similar approach with a continuous time

but infinite horizon?
(iii) What about discrete prices? For why should se-

curity prices supposed to be continuous? Perhaps a per-
manent discrete “jump” assumption is much more real-
istic and may lead to a deeper understanding of the na-
ture of markets. In fact, real prices only achieve certain
discrete base points or “ticks:” Theyare notcontinuous.
But how does the corresponding configuration space look
like? Our setting above would not yield a Hilbert spaceL
. . .
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